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ABSTRACT
IRt

This is a first partial report on a study of the application
of the Unrestricted Hartree-Fock scheme to the structure of atomic
lithium. This report contains a detailed analysis of the application
of the simpler Hartree-Fock equations without exchange to normal
beryllium. Beryllium is the first non-trivial, general case of an
atom with complete groups of electrons. The report develops the
Hartree-Fock equations from first principles for beryllium and
describes the numerical procedures employed to solve these equa-
tions. It contains flow diagrams and listings of the computer
program along with instructions enabling a potential user to run
the program. There is a first appendix giving a physical interpreta-
tion of the Hartree-Fock potentials followed by a second with tables

and graphs of the radial wave functions computed by the program~J’
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DEFINITION OF TERMS

1. COMPLETE GROUPS OF ELECTRONS

The elements of the Slater determinants of many-body atomic theory
are "so-called" one electron functions--solutions of certain single~particle
central-field, wave equations. These wave equations involve the spherical
harmonics Yf, as solutions of the angular parts of the Hamiltonian. For

m
any fixed value of £, there are 24 + 1 spherical harmonics Y im where
m ranges through the set of values, - ¢, -4 +1, ..., 4 ~1, £. The
set of one-electron wave functions corresponding to this collection of
spherical harmonics is referred to as a complete group of electrons. The

application of Slater determinants is generally much simpler when the one-

electron functions of the determinants appear as complete groups of electrons.

2, CONFIGURATION

The simplest Hamiltonian H1 for an N~electron atom is one in which
each particle is assumed to move in an average central field due to the nucleus
and the remaining (N-1)-electrons. The wave equation of the atom separates
into a set of one-electron equations, each of which has eigensolutions de-
termined by four quantum numbers; the principal quantum number n, the
total angular momentum quantum number 4, the z-component of total angular
momentum quantum number m,, and the z-component of spin quantum number
mg. In this simple model, the Hamiltonian H! has no interaction terms depend-

ing upon the quantum numbers, m, and m Consequantly, any particular

s°
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eigenvalue of the energy operator Hl corresponds to eigenfunctions which
are the products of one-electron eigenfunctions with specified values for -
the principal quantum number n and the total angular momentum quantum
number ¢, independently of the values of the quantum numbers, m, and
ms. A specification of these two quantum numbers, n and £, for each of

a set of N electrons is referred to as a configuration of the atom. Usually

such a specification is made in terms of a code which we introduce later.

3. EQUATIONS WITH EXCHANGE

Hartree, Fock, and Slater have shown how to derive equations for
many-particle systems by means of the variation principle. When the
Pauli exclusion principle is taken into account through Slater determinarts,
such an application gives rise to the Hartree-Fock equations which are in-
homogeneous in the one-electron, radial wave functions. The inhomogeneous
part of the resulting equations can be described as resulting from "exhange

of electrons" between the different one~-electron wave functions. For this

reason, these equations are called the equations with exchange,

4. EQUATIONS WITHOUT EXCHANGE

The equations resulting from the Hartree-Fock equations by omitting

the exchange terms and those terms multiplied by off-diagonal parameters

are referred to as the equations without exchange or sometimes as-the

Hartree equations.
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5. EXCHANGE HOLE

According to the Hartree~-Fock equations, eacin electron moves in the
field of the nucleus, of all electrons of opposite spin, and in the field of a
charge contribution of electrons of the same spin which is diminished, as
a result of the exclusion principle, by a single unit of electronic charge.
This sort of hole about the electron, resulting from the exclusion principle,

is referred to as the exchange hole or the Fermi hole.

6. EXCHANGE POTENTIAL

The Hartree-Fock equations with exchange (see Definition 3) contain
various potential-like terms which arise because of exchange properties

of the one-electron wave functions. These terms constitute the exchange

potential.

7. INCOMPLETE GROUPS OF ELECTRONS

A given configuration of an atomic system is said to contain an

incomplete group of electrons if, for some n, not all possible one-electron

wave functions for a given value of ¢ are in the configuration. The treat-
ment of configurations containing incomplete groups is usually more diffi-

cult than those containing only complete groups.

8. LEVEL

The concept of level should be considered in the light of the definitions

of configuration and term (see Definition 2 and Definition 19). For light atoms,
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the central field Hamiltonian H! is usually improved by a perturbation
interaction which includes the mutual Coulombic repulsion of the electrons

to obtain an improved approximating Hamiltonian H%. The symmetry group

1 1

of Hz is a proper subgroup of H™ so that an energy eigenspace E1 of H”,

a configuration, is usually the sum of several energy eigenspaces, E2

1’ e 0 0 g
E2, of H2
n

. A further improvement is obtained by including a cou pling term
between the orbital motion of an electron and its spin. This interaction

is called spin-orbit coupling and its addition gives an approximating Hamil-
tonian H3 whose symmetry group is a proper subgroup of that of H2 . As a

consequence, an energy eigenspace E2 of H2

, a term, is ordinarily the

. 3 3 . . 3
sum of several energy eigenspaces, E1, veey En, of the Hamiltonian H .
These last eigenspaces, those of the approximating Hamiltonian H3, are
referred to as the levels of the system. In summary, the levels of an
atomic system are those energy eigenspaces of an approximating Hamiltonian
H3 which includes both Coulombic repulsion between the electrons and

spin-orbit interactions between the orbital motion and the spin of the

electron.

9. QUANTUM NUMBER, PRINCIPAL

The time-independent Schrodinger's equation for a single particle,
moving in a central field, when expressed in spherical polar coordinates
separates into two parts, one of which involves the radial coordinate alone

and the other involves the angular coordinates alone. This separation is
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effected by means of a separation constant K which eventually must be so
selected that the solutions of the equations satisfy certain physical con-
ditions. The admissible values of K constitute one family of quantum
numbers for the particle. Those that arise in this fashion are called the

principal quantum numbers. They are intimately connected with the radial

wave functions of the particle and, consequently, strongly influence the

possible energy levels it may occupy.

10. QUANTUM NUMBER, SPIN

In the one-electron approach to the quantum mechanics of the N-electron
atom, each electron is considered to have an existence of its own. In par~
ticular, each electron is specified by several quantum numbers, one of these

is the gpin quantum number which is supposed to define an internal degree of

freedom of the electron.

11, QUANTUM NUMBER, TOTAL ORBITAL ANGUIAR MOMENTUM

The total orbital angular momentum quantum number determine the value
of the total orbital angular momentum of the single particle in the correspond-
ing state, or else the total orbital angular momentum of some particular part-
icle in the one-particle approach to the N~particle problem. See the two

preceding definitions.
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12, QUANTUM NUMBER, Z-COMPONENT OF TOTAL ORBITAL ANGULAR

MOMENTUM (MAGNETIC QUANTUM NUMBER)

The projection of the total angular momentum along any direction is
quantized either for the case of a single particle or for some particular
particle in the one-particle approach to the many body problem. Convention=

ally, the axis selected is the z-axis and this z-component of total orbital

angular momentum gquantum number determines the value of this projection

for the particular quantum state in question.

13. QUANTUM NUMBER, Z-COMPONENT OF SPIN

The z-component of spin quantum number is analogous, in the case of

spin, to that defined in Definition 12 for total orbital angular momentum.

14, SCREENING NUMBER (CONSTANT)

The need to determine wave functions for unknown atoms from those of
known atoms, leads to the introduction of various special parameters. One

of these, the screening number (constant) is defined to be that number ¢ such

that

R = R(H)/(N - o)

where R and R(H) . are the mean radii of corresponding wave functions of an

atom of atomic number N and of hydrogen, respectively. Thus we see that

knowing (or having an estimate of) g allows one to determine the mean radius

of a wave function of an atom of atomic weight N from that of the corresponding
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wave function of hydrogen. See Hartree, Calculation of Atomic Structures,

pages 124-125, for further details. Unfortunately, like most numbers into-

duced for such a purpose, the screening constant is not a constant which

seriously limits its value.

15, SIATER DETERMINANTS

Slater intoduced his famous "determinants" in the late twenties as trial
functions for a determination of the wave function of an N-electron atom by
means of the variation principle. The use of these determinants guarantees
the observance of the Pauli exclusion principle in the solution so obtained.

See page 6 of the following report.

16. SIATER INTEGRALS

The Slater Integrals occur in the systematic solution of the Hartree-
Fock equations by use of Slater determinants when the one-electron functions

are assumed to have a special form., See Hartree, Calculation of Atomic

Structures, pages 45-50 for explicit definitions and further details.

17. SPIN QUANTUM NUMBER

See Definition 10.

18. STATE
The concept of state should be considered in the light of the definitions
of configuration and level which are given in Definitions 2 and 8. Our

obsgervations in these definitions were that all of these concepts are related
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through the degree of approximation assumed in the Hamiltonian H of an
N-electron atom. The simplest Hamiltonian H! assumes that each electron
of the atom moves in an averaged central field created by the nucleus and
the other (N - 1) electrons. No direct interaction is assumed between the
individual electrons. The energy eigenspaces arising for H1 are called

configurations. The next improved approximation is obtained by including

in the Hamiltonian H2 the Coulombic interaction between electrons. The

energy eigenspaces of H2 are called terms. A still better approximation

for the N-electron atom is obtained by including a coupling in the Hamiltonian

H3 between the orbital motion of an electron and its spin. This interaction
is sometimes called spin-orbit coupling. The energy eigenstates of H3
are called levels. The final Hamiltonian H4, in this sequence, includes
a perturbation term from an external magnetic field. The eigenspaces of

. N} 3 . 4 L] i
H4 are called states and are one-dimensional invariant spaces of H~, in

general.

19. TERM

See Definitions 2, 8, and 18.

20. TOTAL ORBITAL ANGULAR MOMENTUM QUANTUM NUMBER

See Definition 11.

21, Yk' POTENTIAL
This function Yk is related to the potential due to a single electron

with total orbital angular momentum number k. See page 51, Hariree,
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Calculation of Atomic Structures for greater detail.

22, Z-COMPONENT OF TOTAL ORBITAL ANGUIAR MOMENTUM QUANTUM

NUMBER

See Definition 12.

23, Z, FIELD

k
This function Zk is related to the field created by a single electron
with total orbital angular momentum number k., See Hartree, Calculation

of Atomic Structures, page 51.




Hartree Fock

0(x)

P(ng; r)

Yolnt,ne; 1)

r

page (xiii)

SYMBOL LIST

The radius of the first Bohr orbit of the hydrogen atom
taken to be the unit of length in our system of units.

The magnitude of the charge on the electron taken to be
the unit of charge in our system.

The mutual potential energy of two unit charges at unit
distance is taken to be the unit of energy. This unit is
equal to twice the ionization energy of the normal state of
the hydrogen atom,

One-electron wave function occurring in a Slater determinant.

Planck's constant which has a value of 27 in our system
of units. This makes-h = h/2¢ have the value of one.

The Hamiltonian of the atomic system under investigation.

The mass of the electron taken to have the value one in our
system,

The number of electrons in the system, four in the case of
normal beryllium.

A symbol to denote that some function is asymptotic to x
in some limiting process.

The "so-called" radial wave function of the electrons of the
(ngth)-group.

The distance from the nucleus of the atom to the ith-electron
of the system,

The distance from the ith-electron of the system to the jth-
electron.

Another symbol used for the one-electron functions which
occur in the Slater determinant.

The potential created by the electrons of the (ntth)~shell.
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The effective potential acting on an electron of the
(ntth)-shell.

The effective potential of the nucleus as screened by
the surrounding cloud of electrons.

The charge on the nucleus. The value of Z is different
from that of N in the case of ionized atoms.

The field created by the electrons of the (n4th)-shell.

The effective field of the nucleus acting on an electron
of the (n4th)-shell.

The effective field of the nucleus as screened by the
surrounding cloud of electrons.

The increment in the independent variable r for numerical
calculations. The wvalue of 8, varies during the calculation.

This symbol is commonly used to denote an eigenvalue.
This symbol is used to indicate certain parameters which
arise during minimization of the energy. They are closely

related to the energy values of the (n4th)-shell of the atom.

This symbol is used to denote the wave function of the
system.



ilartree-Fock Page 1

1. INTODUCTION

This report is concerned witih a detailed discussion of the determi-
nation of the wave functions of normal, atomic beryllium by means of tie
idartree-Fock equations without exchange.

It should be pointed out that knowledge of the structure of atoms,
parts of which can be obtained only by calculations of the type studied
here, is essential to certain investigations of transition probabilities
occurring in astrophysical studies, in problems in x-ray and neutron
scattering, and, most important to us, in the calculation of the solid
state wave functions of an element such as beryllium. The vital role
played by studies in these areas and the limited number of people who
are sufficiently familiar with these techniques to actually make a cal-
culation have been the inspiration for this project.

A later report will concern itself with the Hartree-Fock equations
including exchange, but a necessary preliminary step is the solution of
the equations without exchange.

The present report is broken up into prefatory material, including
definitions of terms and symbols; a body of twelve sections or paragraphs,
the first six of which concern the theory and the last six the solutions
of the Hartree-Fock equations; and two appendices which discuss and in-
terpret the solutions.

In the case of beryllium, a solution ¢ of the wave equation is sought
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in the form of a 'so-called" Slater determinant; see page 6 for details.

The individual entries in the determinant are called one-electron functions.
The electrons in normal beryllium appear as four one-electron functions
which are denoted by Uy, Uy, Uy, and u4 in the Slater determinant., The
possible forms of these functions are determined by a selection, a
configuration, which is a prescription of the quantum numbers for total
orbital angular momentum, z-component of orbital angular momentum, and

the spin of the electrons which appear in the determinant. For

beryllium, the configuration is described by the symbol (ls)z(Zs)Z.

Each of the one-electron functions is expressed in terms of polar
co-ordinates and is taken to be the product of three functions: a
function of r alone; a function of © and ¢ alone; and a function of
spin alone. The second two factors of the one-electron functions
are taken as given in the Hartree-Fock scheme. Thus the problem is
limited to a determination of the "best' radial factors of the one-
electron wave functions.

The units for calculations of this general nature are fairly standard.
D. R. Hartree (1) gives an excellent discussion which we summarize

briefly.

Unit of mass = me = rest mass of the electron

Unit of charge 'eg = magnitude of the charge of the electron

Unit of length = h /(4n'me]e’ = radius of the first Bohr
orbit of the gydrogen atom

Consistently with these, we have

Unit of energy = ‘elzla 2 x (ionization energy of the hydrogen
H atom)
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Unit of velocity = 2n|e|2/h,= c/137

This calculation is of a preliminary nature so that an effort was
made to simplify the numerical analysis in order to get a running program
as quickly as possible. Consequently, the present report is a description
of a Hartree-Fock solution in which every numerical procedure is as simple
as possible. The program has built-in, flexible tolerances throughout
so that it is possible to get a rather good idea of the effects of various
calculations on the over-all convergence of the problem. There is every
indication that it may be worthwhile to use a very simple integration
scheme in the initial stages of a Hartree-Fock calculation. The interested
reader should look more closely at Section 1ll.

2. DEVELOPMENT OF THE FUNDAMENTAL EQUATIONS

We introduce the nomenclature and terminology to be used in discussing
the application of the Hartree-Fock procedure to the normal beryllium
atom. In the ground state, the beryllium atom is assumed to be in the
configuration (1s)2(25)2, This notation implies that two electrons
have principal quantum number n = 1, total orbital angular momentum
quantum number £ = 0, magnetic quantum number m, = 0 while one electron
has spin quantum number mg = 1/2 and the othe? m, = - 1/2, There are
also two electrons with principal quantum number n = 2, total orbital
angular momentum number 4 = 0, magnetic quantum number m, = 0 while one
has spin m. = 1/2 and the other m o= - 1/2. We denote the single-

particle wave functions for these electrons by fl’ f2’ f3, and f4.
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Our first assumption is that these functions are products of three
factors: the first is a function of the radial distance alone, the second
of the angular variables alone, and the third of the spin alone. Further-
more, it is assumed that the angular and spin dependences of the functions
are completely determined by the quantum numbers g, m . and m
2-1 £, = P(10; r)[eoo(e)éo(@)]a

1
P(ls; r)

£, = P(10; r)[égg(e)ﬁg(é)}a

P(ls; x)

£, = P(20; r)[eoo(e)éo(@)]r
P(2s; r)

f4 = P(20; r)[eoo(e)éo(é)]s
P(2s; r)

where P(ng; r) denotes the radial function corresponding to the quantum
numbers n (principal) and 4(total orbital angular); ezm is the
associated Legendre function corresponding to the quantum number g(total
orbital angular momentum) and m, (magnetic), while @m( $¢) denotes the

azimuthal function depending on m, alone. We list a few members of this

Z

family of functions for convenience and concreteness

2-2 Qd §) = 1
7

72n
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910(9) =/6 cos &
2

The numerical constants in these functions have been so selected that

2-3 21 %
& ¢ do =1
0 mm

J:[Gm(e)jllsine do =1

Our basic problem is to determine the radial functions P(10; r)
[: P(ls; r)] and P(20; r) [:P(Zs; r)] for beryllium. The Hartree-
Fock procedure is a particular method for doing this.

Hartree originally selected a best wave function in a somewhat

heuristic manner from the set of all wave functions of the form

Basically his method is to consider each electron moving in an average
field produced by the other electrons. Slater and Fock discovered
independently that a more general technique based on a variation
principal led to a set of equations quite similar to Hartree's.
Furthermore, by applying the variation procedure to a specially
constructed set of functions, it is possible to satisfy the symmetry

requirements of Pauli's exclusion principal. Such a wave function is one

of the form
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2-4
¥ = _L__Z: 6PP[u1(1)u2(2)u3(3)u4(4)]

where P runs through the set of all permutations of 84, in the case of

a four-particle system such as beryllium, and 6p = 1lor 6P = -1 according

to whether P is an even or an odd permutation.

Our notation u;(j) is a description of the event that particle or

electron j is in a state described by the single particle wave function

uj. Recall that the action of the permutation operator P, or more

properly Op, upon such a wave function is given by

2-5 Op [ui(j)] = u [P-l(j)]

The function ¥ is more commonly written in the form of a Slater determinant.

2-6 . ul(l)ul(Z)u1(3)u1(4)
! ~/T.."'uz(1)uz(z)uz(3)uz(4)

u3(1)u3(2)u3(3)u3(4)

u4(1)u4(2)u4(3)u4(4)
We wish to specialize y to the case where Ehe functions u;, up, and
so on, have the form £y, f2, f3, and f4; functions having prescribed spin
and angular characteristics with only the radial dependence to be determined,
that is, P(10; r) and P(20; r) are the unknown functions.
The Hartree-Fock equations are the conditions which must be satisfied
by the functions P(ny ; r) in order that the quantity
2-7 E' = fY*HYdT/IY*YdT

is stationary with respect to variations in these radial wave functionms.
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In order to find the equations, we must first determine E' and then the
conditions on P(ng; r) which make E' stationary. The usual Hamiltonian
for an N electron atom in which the nucleus 1s taken as a fixed center

is of the form
N

(-uZ/San)Z w2 Z Zez/r + Zz/r

1>J

2-8

N

where the notationz —ezlr.i means sum all combinations of
=1
i>j

j and i exactly once and Z denotes the charge on the neucleus (not the

atomic number when the atom is assumed to be ionized). We are using a

system of units in which m, = ‘e\ = hzl(énzme) = 1, so that the
Hamiltonian for beryllium is H = 4
2-9 - (1/2)?\/{2 +8/r} 7 Uy, =
J= j=1
i>j
-1/2)72 -4/r; +1/2) {1y, + ey, + Lyt
U2y 2, -4, +Q/2) {1/:21 + 1/, * 1/r, b
CUDw?y -bry +@W2) {1ry + Uy, + Uy te
(-1/2)(724 -4/1‘4 +(1/2) {llr41 + 1/r42 + 1/r4;}

With each particle of an N particle quantum mechanical system Q

we associate a three-dimensional co-ordinate space and a two-point spin

space. All of these together give rise to a 3N-dimensional co-ordinate

space E and a 2N-point spin space 8 of the systemC. The configuration
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space C.of Q is the cartesian product space E x S. We take the Lebesgue
measure on E and the measure of each point of S to be one; then C is a
measure space under the standard product measure.

The symbol Ifdr denotes an integral over the entire configuration
space arising from this product measure. If rectangular co-ordinates
are introduced into E in the natural way, then Ifdr =
2-10 EIfdxldyldzl...dedyNdzN
wherezz denotes a sum over the points of spin space.

We may think of the points in S as labeled %1, IB’ %z’ ZB, cee

Na’ NB so that

2-11 S = {ia’ lB’ ceeo Ny NB}

The spin functions (i) and B(i) are associated with the spin space

{ iy iB} of the ith particle with the function (i) having the value
one at i, and the value zero at iB and the functipn B(i) having the value

zero at 1& and the value one at i When a function f is the ptroduct of N

8
single particle functions, the spin factor of f is the product y(l)v(2)...
Y(n) where each factor y(i) is either ao(i) or B(i). We note that o(i)
and 8(i) are orthonormal in the sense that J&(i)B(i) = a(ia)B(ia) +
a(iB)B(iB) = 0 and, similarly, Iy(i)z = 1.

We restrict our attention to a four particle system appropriate
to beryllium. Consider two functions f and g which are products,
f = f1f2f3f4 and g = 818,848,> of single particle functions with
£; = fi'Y(i) and gj = gi'é(i) where £;' and g;' are spatial

functions and y(i) and §(i) are spin functions equal to ome or the other
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of the functions o(i) or g(i). The integral If*g dr =
2-12 Jfl*glfz*ng3*g3f4*g4d¢ =
EZ;(I)G(l)Y(Z)G(Z)Y(3)6(3)Y(4)6(4)]
Fff' dx dyldzl] X
[ffi*g‘;dx4dy4dz4] =
[Z (1)6(1)]x...xEY<4)a<4ﬂ
”fi*g 'dxldyldzI]x. . fo *g,dx 497,,dz 4]
We observe that the factor y(1)s(i) | is zero unless Y(i) = @) =
o(l) or y(i) = §(i) = g(i). Thus the integral Jf*g dr is zero unless
the spin functions of factors of f match with the spin functions of the
factors of g.
Furthermore if the sets {fi,f',fé,fi} and {gi,gé,gé,g&}

are rearrangements or permutations of the orthonormal set ju',u',u

! [} 1 E}

1° ) 3°Y%

of functions, then

- [P |

2-13 in gidxidyidzi

is one if and only if the functions f and g coincide, otherwise it is

zero. We see that Jf*g dT is zero, in this case, unless both the

corresponding spatial and the spin factors match. These orthogonality

properties are crucial for our development of the Hartree-Fock equations.
These results may be presented in another form if we let a7y, dTZ’

dT3, and dT, be the volume elements associated with both the spatial and

spin co-ordinates of particles one, two, three, and four. Then If*g dT =

2-14 Ifl*gld Eff Z*Szd")_j f3""‘83d73f £4%84d7,
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and, when the f's and g's are permutations of the same set of functioms,
orthonormal over both spatial and spin co-ordinates, the integral is
zero unless fi = 8» l<ic<a,

There is a slight variation on this theme when g is operated on by
a linear transformation T affecting only those factors of g which are
functions of certain co-ordinates., For example, let Th = Xy x2h for
any function h defined on the configuration space C. In this case,
2-15 If*Tg dt =

ffl*xlgldT sz*ngZdT JfB*g3dT Jf4*34d7

If the f£'s and g's are permutations of an orthonormal set, then f3 must

equal g5 and f, must equal g4 in order that If*g dt be different from

4
zero. However, the presence of x; and X, in the first two factors
ordinarily destroys orthogonality and it is no longer necessary that
fl be equal to gy and f, be equal to g)e

This observation is pertinent to the evaluation of the integrals
fw*wdT and jw*deT where ¥ is the Slater determinent
2-16 y = ﬁ§s4 GPPfl(l)fZ(Z)f3(3)f4(4)

We begin with an observation on the change of variable in certain

related integrals. Let P and Q denote any two elements of S, where

4
2-17 PPl /1 2 3 4\, and
el /1 2 3 4
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From these definitions, 1t follows that
2-18 Aifl*(l)fz*(Z)fa*(3)f4*(4;] =
£.% () Ey*(py) E4*(pg)E,*(p,),  and
o £, e, @£, ®)] =
£,09y)£,(q)£5(q3) £, (q,).
Actually, in the above statements, tue symbols P and Q are being used
as a substitute for tie more precise symbols, Op and Qq.
In the integral

2-19 I{P[fl*(l) . f4*(4)]}{Q[f1(1) o f4(4)]}d7.

We make the change of variable X, going into x X, going into x
going into xqs, and x4 going into xq . Actually, we are considering this

4

as merely a change of name of the variable of integration. The following

sy X

relations follow from suchi a name change.

2-20 :{P[fl*(l)fz*(z)f3*(3)f4*(4)]}{Q[fl(l)fz(l)f3(3)f4(4)]}d7

2{Q'lP[fl*(l)fz*(Z)f3*(3)f4*(4)]}{fl(l)fz(Z)f3(3)f4(4)}dT
JEYRCEDIE (e ) Eq% (e )% (1, )E) (1), ()£, (3) £, (4)dr
aere [R71]) = ¢, EXe £, [w ] - £y

and [:PQ"1 %) = €y We may rearrange the factors in this integral

sucih that variable one occurs in the first factor, variable two in the
second factor, and so on, that is, according to the permutation [QP-I]
where [QP'IJ(I) =, [QP‘l](z) =1, [QP'l](s) =1y [QP'IJ(M =z,

With this rearrangement, the integral becomes

ﬁ{q‘l;[fl*(l)fz*(z)fB*(s)f4*(a)]}{Q‘qufl(1)f2(z)f3(3)f4(4)]}==
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2-21

If *(l)f *(2)f, *(3)f *(4)f (1)f (Z)f (3)f, (4)dr =

4
If £ dTJf *f dq-sz f d'r}[f £, dr,
4

We observe that at least one factor of this product is zero unless QP'I

is the identity permutation, that is, unless Q = P. In this last instance
2-22 Ifl*fznf3*f4*flf2f3f4d7 = 1
We now consider the integral |y*ydr where
- U P
2-23 ¥ £ 5p fl*fz*f3*f4* and
€S
4
L Z SQQ[f1fzf3f4
Q€S4
Then
2-24 J\y*q;d'r =

I;z 6 P[f *E)FERE,* 1£; 6QQ £1£,f 3f4]dT =
12 6P Z 5QHP‘—f1*f 2*f3*f4 ]}{Q[fl £,f 3f4] a1 =

ZS % rdes QHQ Pl—fl*fz*f3*f4 ]}{f fzf3f4}d'r =
12 PéJ{P Pl—f £ rEgREL* ]}{f frf3f4ldr = 24

The next problem is to evaluate the expression I¢*H¢d¢. This
integral can be written as tihe sum of four terms of which we consider only
the first in detail
2-25 I;*H¢d7 =

(_1/Z)I¢*{§f+8/rl-[1/r12 + l/r13 + 1/r14]}¢d7
+ Three other similar terms

Ignoring the factor (-1/2), the first term is of the form
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2-26 a) I\y*Vq,dT +
o1
b) 8Jy*(1/r Jydr -
) Jyr(sr) Hyar -

Q) Jy*(/r e -

r
e) Jy*(l/r , dydr ,
A typical term in the expansion of ¢*0’¢d7 is

2-2 ffp HDfp *fp *DEp *<a)v2fq W) (DEg B, @rdr =
4
Jf *E d-rff * def * dTI *;,Zf dT

which is zero unless P2 = q2, p3 = q3, and P4 = q4. However, for a
fixed value of Pl = 9, there are six distinct permutations of the
remaining indices which fit this criterion. Thus we see that Part a)
gives rise to the terms
2-28 6[ff *(1)7'Z (1)d¢ Jf *(1)62 (1)d72 +

(1)V1f3(1)d'r3 ff *(1)Vlf4(1)d.,4:|

2
2-29 f = P 10; =
_vl ( > r)900§0(1

[ ‘3 \+__1 3 sing, 3
i rlj r,%sing; \ 30, 3, [+

1 P(10; r)opgnd =
4 g;;za- 5;—%% 00% (¥

1
- 2
Sl L, 2.7 5 |PQO; 1) =
\r1" 3 2
d4/dxl ]
eooq’oa[ /dr z (2/r)d/dr [P(10; 1)
2-30 =
1 2
Vl %P (10; )08 08 =
Og[d‘/dr + /r)djar p(o;
: 09 O |
2-31 V1f3 = v, P(zo r)o Qoa

%00 éoa[dz/dr + (Z/r)d/dr]P(ZO; r)
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- 2 = 2 .
2-32 Vl ft; =V, P(20; r)eOOQOB
0, B[dzldrz * (z/r)d/dr]p(zo; r)
0070
We now observe, since the variable of integration is a matter of
indifference, that
2-33 ffl*(1)v12fl(1)d71 -
% ‘ =
Ifl (Z)Vz fl(Z)dTZ =
2 -
jfl*(B)ﬂs f1(3)d73 =

f .2
JEF@IV 48 (@)dr, =

Jmojnojzn[eooéoa]zP(lo; r) ?ZP(IO; r)}rzsined@dedr =

or, P 2
o] P(10; ©)W P(10; r)[rdr
When £ is a function of r alone, it is permissible to write

sz = (l/r)(dz(rf)/drz). Thus the above integral may be written

2-34 fm}(1o;r){(l/r)dz(rp(1o;r))/dr2 r2dr =

0 2 2
Im{;P(IO;r)}{d [rP(lO;r)]/dr }dr
Up to now? we have been using the symbol P(nf;r) to denote the radial
part of a single particle wave function. This is contrary to customary
usage which ordinarily denotes by P(nf;r) the radial wave function
multiplied by r. We adopt this convention in the sequel, that is, rP(ng;r).
novw stands for the function which in the foregoing notation would have been
written rP(ng; r).
From equations (2-28) and (2-29), we see that the expression
Im{rP(lo; r)}{dz[rP(IO; r)]/dtz}dr
occurs with a cgefficient of 4! = 24,

We note that part b) is a sum of integrals of the form
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2-35 J\f *f dr If *f dr If *f dv ff *(8/r )t dg
P2 92 2 “ P3 43 3 P4 q4 4 P 1 q7 1

each of which is zero unless P2 = q2; P3 = q3; and P4 = q . Just as

before, for a fixed value of P;

[}

qis there are six distinct permutations
of the remaining indicies which fit this criterion. Thus part b) gives

rise to

236 6LJ£*) B/r)E, ar + [£ 2 @/rE,Mery +

ffs*(l)(s/rl)f3(l)d71 + Ifé*(l)(S/rl)f4(1)dTl]

We also find

[er@ @repe @,
[e1%) @rrpg 3rar,s

[e1x@) @1 @,

[where we are using the new definition of the P functions]
Thus the integral I[P(lo;r)]z(Slr)dr occurs in the evaluation of f¢*H¢dT
with a coefficient of 24. Combining our two results, we find that the
integral
2-38 [ra0;0) [arar? + /ey | pa0srrer =
P(10;r) {dz [P(IO;r) ]/drz}dr *
P(10;r)(8/r)P(10;r)dr
occurs with a coefficient of 24 in the evaluation of fw*ﬂwdT
This fact suggests the introduction of a special symbol
2-39 1(10) =

(-1/2zrnP(1o; r)[dzldrz + (S/r)]P(IO; r)dr
0
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where we have inserted a factor of -1/2 to match with the original
equations. More generally, we introduce the symbol
2=40 I(ng) =
(-l/Z)ImP(nz; r)[dzldrz + (ZN/rﬂP(nz; r)dr
The functions fz’fg’ and f4 will effect the introduction of the quantities
I1(10), 1(20), and I(20) respectively into the evaluation of IW*HWdT:
each with a coefficient of 24. Note that f1 and fz each give rise to
the same factor I(10) while f3 and f4 each give rise to the factor

1(20).

3. USE OF THE CENTRAL FIELD FUNCTIONS

We turn now to an evaluation of the parts c), d), and e) of state-
ment (2-26) as well as those parts which arise from the three analogous
terms in the expression J@*H¢d¢. The calculation depends upon our
ability to expand the factor 1/rij in a series of products whose factors
are powers of i, rj’ and u = cos eij’ where eij is the angle between
the radii vectors of electrons i and j from the origin, i # j. Using
the familiar law of cosines, we find
3-1 rg; = 1/[r12 + rj2 - zrirjcoseij]

The expression cos eij can be evaluated by means of the identity cos eij =
cos ei cos ej + sin ei sin ej cos (@i - Qj)
where (ri, By Qi) and (rj,ej, Qj) are the spherical polar co-ordinates

of electrons i and j, respectively.

We find it useful to introduce the function
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rk/ kel for r < s, and

it

3-2 Uk(r,s)
= &fyrL for r > s.
Then it can be shown that 1/rij can be expanded in a series of Legendre

polynomials of the form

[o2]
3-3 l/rij = E: Uk(ri,rj)Pk(COs eij) =
k =0
[}
Z Uk(ri’rj)Pk(u)’
k =0
where Pk(cos eij) = Pk(u) is the Legendre polynomial of order k.

Before working with the particular problem at hand, let us look
briefly at the much more general problem of evaluating the quantity
which we shall denote by
3-4 (abfq|cd) = ”f*a(l)f*b(z) (/g D (D)Eg(2)dr, dr,
where, without loss of generality, we shall restrict our discussion to
i=1l, j=2. Here a, b, c, and d each specify a complete set of quantum
numbers (n, 4, m, y) while the integration is over both the co-ordinate
and the spin spaces.

The part of this double integral independent of spin can be written,

with the use of the expansion of 1/r12, in the form

3-5 {r J‘nu (rl’rz)P(n za! rl)P(nbzb’ rZ)P(nC‘q‘C’ rl)P(ndzd, rz)drldrz

zﬂ o
wa Jﬂf P (ue, (e)ezbmb(ez)ezcmc(el)ezdmd(ez)

§; (QI)Q;b(éz)ém (2,28 (@ ,)sin 8,8in ezdeldéldedeZ}
a c d
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where the Ggm(e) and ém(é) denote the same functions of our earlier
discussions. Fortunately, for our evaluation of these integrals, the
Legendre polynomials are expandible in terms of these same

and according to
ezm(e) n ém(é) ording

3'6 Pz (u) =

4 ie ©,)9, (0,08 (@)% _©))
25 +1 m=-4 4m 1% gm 27Fm> 17 mY 2

Hence, for the kth term in the sum over k, we may write
3=7 [4/(2k + 1)] X

m=-k{orek‘“(91)e R AR
7T %

RENC ma@l)@mc(@l)d@l

vt

o ; km 828 4oy (6,0 240
08 B, @, 60 )

(62)8111 ezdez

The ¢ integrals, involving only exponentials, can be easily evaluated

to give

1/2 ,
( / TT) sm’ma'mcémsmd'mb.

Hence, in the summation over m, everything vanishes unless

m, + my = m, + my .
When this is true, as in our case, only the term remains where
3-8 m = ma - mc = md - mb.

When this condition is satisfied, the angle factor reduces to
k cKeg
c ( -aama 3 Zcmc) ( dmd > ﬁbmb) ’

where we have introduced the symbol
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3-9 ®em,z'm') =

= f - orek’m_m.(e)ezm(e)ez,m,(e)sin edg

This integral can be shown to have the property

!
3-10 Xgm,g'at) = DT K emt ).
If we now introduce the symbol

k
3-11 R (nazanbzb,nczcndzd) =

Ofmofmuk(r4,r2)P(naza§ rl)P(nbﬂb; rZ)P(nczc; rl)P(ndgd; rz)drldr2

then we may write
3-12 (abjq|ed) =

(6 6 5 ) X
Ya>Ye Yb’Ya ma+mb,mc+md
[2ad

Ej ck(zama’zcmc)ck(zdmd’Ebmb)Rk(nazanbzb’nczcndzd)'
where tgz‘? nge of k may equally well be written from 0 to ®, since ckcan
be shown to vanish identically for k < |m|.
The values of RF depend on the initial choice of the central field and
must be calculated independently for each different choice. But the c's are
definite integrals of three associated Legendre polynomials and hence, by

known methods, may be calculated once for all. Tables of their values

through 4 = 3 appear in Condon and Shortley's book The Theory of Atomic

Spectra, p. 178-179,

It is critical to note that an investigation of the behavior of the c's
would show that in order for ck(zm,z'm') to be different from zero the
following conditions must be satisfied.

3-13 k+g+ 3" = 2q (9 an integer)
and

3-14 e = 2| <kg g+
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Let us define the two special symbols
3-15  Jg = fjlfa(i)|z(1/rij)|fb(j)‘zd'rid'rj
3-16 K, = H £o* (1)Ep*(3) (L/xg )8y (1), (§)dr g dr

Thus we see, in the notation just defined, that

3-17 (ab|q|ab) = Japo and
(ablqlba) = Ryp-

We can now writq»

bwl

3-18  Jy, = ﬂ%ba (z m ,zbmb)F (n afasfpih)s and
3-19 Ky = YaYb Z bk (Lamy, 2pmy )Gy (ng 0051y £4)
where ay and bk are deflned in terms of the ck by

ck(zama,zama)ck(zbmb,zbmb)
3-21 bk(zama,gbmb) =
k ]‘3
¢ (zama’zbmb)
and F and G, are special cases of Rk, namely

3-22 F(ng,m L) = R (n, 0,0 4 ) =

a"ptp "ata"p
Fr [e ;o)1 Jarpa
R Uk(rl’rz) P(naza; rl) P(nbzb, r,) ] dry r,

and
3-23 G (n 2,my 0 ) = RS (ngaonp e ,mpgyna2,) =

Uk(rl’rz)P(na'e'a’ rl)P(nbzbs rl)P(n La’ Z)P(nbzb’ rz)dr dl'z =

k
4
imdrzj k+1 P(n_g,3 rl)P(nbzb; rl)P(naza; rZ)P(nbzb; rZ)drl
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Notice that even though the expressions (3-18) and (3-19) appear

as infinite sums, there are only a finite number of non-zero terms be-

cause of the properties of ck mentioned in preceeding discussion. 1In
particular, for the case of beryllium, since g = g' = 0, the only
non-zero summand is for k = 0. Furthermore, it should be pointed out

that, because of the requirement that k + 4 + ' be even in order
that ck be different from zero, in the expression for Jab only those
summands with even values for k give non-zero contributions., Con-
sequently, the table of values of a) has non-zero entries only for
even k,

Let us return to the problem at hand, that is, to the particular
case of beryllium corresponding to (18)2(28)2. Since 4= g' =m=m' = 0,
we have only summands different from zero in case k = 0 so that the only
required value of the c's is
3-24 ¢©(00,00) =

s [ Gern e g dsingds =

1/2 Tnsinede = 1.
Hence ao(go,OO) = 1 and b,(00,00) = 1, which could have also been
obtained from the tables mentioned earlier.

Consequently the contribution to E' from the Jap and K, terms

is simply
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3-25 J(200+) (200-)+ J(200+) (100+)+ J(200+) (100-) +
J(200-) (100+)+ J(200-) (100-)+ J(100+) (100-) -
K(200+) (200-)- K(200+)(100+)- K(200+)(100-) -
K(200-) (100+)- K(200-)(100-)- K(100+)(100-) =
Fo(20,20) + F5(20,10) + Fy(20,10) + Fo(20,10) +
F,(20,10) + F_(10,10) - 0 - G_(20,10) -

0-0-6,(20,10) -0 =

Fo(10,10) + FO(ZO,ZO) + 4F0(20,10) - 2Go(20,10).
From the definitions of F and Gk, we see that for any fixed k, n, and ¢
3-26 Gk(nz,nz) = Fk(nz,nz).
Furthermore if a and b are subscripts of a pair of distinct wave

functions, then the coefficient a_ is always 1; and if we denote by

o
q(nf) the number of occupied wave function within a single group (ng)
there are q(nﬁ)[q(nz) - 1]/2 such pairs. Consequently, the coefficient
of each F,(nf,nf) is always q(nz)[q(nz) - 1]/2. Similarly, if

(n'4') # (n4), then the coefficient of each Fo(ng,n'y') is

q(nl)q(n'L').

The ak have the further property that for k > 0 and for a

complete group
3-27 Z,ak(zama,zbmb) =0
)
for all m,, the sum being over all values of m, in the complete group

(nplp). Hence, the only contributions to E' involving F, integrals

k

with k> 0O are of the form Fk(nz,nz), since we can write
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L4+8!
3-28 ZJab = Z Z a (#m,2'm')F (ng,n'g') =
a,b (ngmy) (0’4 "y " )k=0 k
44!
Z Z F(nznz')Z ak(zmzm)
k=0 (ngy)(n'l'y'") m,m'

This result is not needed in the case of beryllium since we never have
k> 0.

For a configuration of complete groups, E' is reduced to a sum
of multiples of I(ng), Fo(ng,n'z'), Fk(nz,nz), and Gk(nz,n'z') such as

3-29 E' =

Zq(nz)l(nz) +) /2amp|atmn- 1JE_(og,ng) +

ng
Z qQ(ng)a(n'gh)F(ng,n'g") -
ng,n'gl'#n _
) G '
kzkl(“’“‘)-nzn.%.kukk(“’z’““) :

where the last two contributions were written with negative signs so that
the values of the coefficients.Alk and BM.k are positive. The values
of these coefficients can be calculated from the tables of values of the

ap and by . They are tabulated in Hartree's book The Calculation of

Atomic Structures, p. 50.

For the case of beryllium (ls)2(2s)2, we see that this formula
yields
3-30 E' =
21(10) + 21(20) + FO(10,10) +-
FO(ZO,ZO) + 4F0(20,10) - 2Go(20,10)

which is in complete agreement with our previous results.
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If we return to the previously introduced notation and look at

the case for beryllium, then

2; 6PP[fl(l)fz(Z)f3(3)f4(4)]

3-31 1‘[ =
PeS4
ye= ) sPP[fl*cl)fz*(z)ff(s)fg(m]
PeSa

and, as we have seen, the evaluation of j¢*H¢dT has terms involving
1 . If, for example, we consider that term which involves 1 then

i T12

we get

3-32 J{:zz 5PP{f1*(1)f£*(2)f3*(3)f4*(4)}J 1} x
P€S4 ‘ 12 \

{L %dquﬁgn§eﬁ“mﬂa =
Q€S4
22[5 8 P{f *(L)E *(2)E,*(3) £ *(4)}(11 \x
P Q 1 2 3 4 —_—
R r12)

XQ{fl(1)f2(2)f3(3)f4(4)}dTJ =
SJE, *(1)f *(2)f *(3)f *(4) 1
%aquplupz()%() @1 x

P r
4 12

£ ()Ff (O)f @3 4)dT _dt dr dT, =
X ql( ) qz( ) q3( )fqa( ) 197 97,47,

8. 8~f *(3)E (3)dt |f *@)f (4)dT, X
é%[ F QJ P393 3f e 9, O

xjjf *()f ()1_f *()f (Z)dTldTZJ
P1 WP 9
Clearly this term is zero unless Py = 93 and Py = 9> SO that this term
is zero unless 1) pj = q; and p; = q, or 2) py = q,zand Py = 9;-
For each choice of P =9 and Py = 9 there are 2 choices for
P3 = 43, after which Py =9, is determined, that is, there are 2

distinct permutations of the remaining indices which satisfy the criteria.

Furthermore, in this case, P = Q so thatf)P =0 . and 6P6 =1,

Q Q
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Similarly, for each choice of P, = 9, and p2 = q there are 2

distinct permutations of the remaining indices. However, in this case,
P and Q differ by a transposition so that 5P = -6Q and 6P6Q = -1,

Hence we see that for the case when p1 = q1 and P, = q2 we get

integrals of the form

3-33 SiJf *()f_ (1) 1 £ *(2)f (2)dr,dT

T2

e @) e @)y
P1 r P 2
12 ¢
which corresponds, in form, to a Jplp type integral., But in the case
2

when P =9, and Py = q; we get integrals of the form
i -2
3-34 p

*(L)E (1) 1 £ *(2)f (2)dr 4T
1 P2 T, Py P L<
12 1
which corresponds, in form, to a Kp type integral.
1Py

Furthermore we can see that these terms are the same for each

choice of the variables of integration, i.e.

3-35 ij *(L)E (1) 1 £ *(2)f (2)dr,dT
pl 9 r P, q, 12

12 _
=ij #(1)f (1) 1 £ *(3)f (3)dT d 5

and there are (4)(3) ways of choosing the variables of integration, so
2
that these integrals appear with coefficients of 4! = 12,
2
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4., THE Yy AND Z, FUNCTIONS

We wish to derive the differential equation whose solution is the
radial wave function P(nQ; r)., Let
4-1 Yo(nO,n'O; r) =

rwaO(r,s)P(nO; s)P(n'0; s)ds
(o]

where
4-2 Uo(r,s) = 1/s when r < s, and
f = 1l/r when r > s.
i 4-3 Y (n0,n'0; r) =
| or
1 rj Uo(r,s)P(nO; S)P(n'0; s)ds +
0
X0
rJ Uo(r,s)P(nO; s)P(n'0; s)ds =
' T
| JP(nO; s§)P(n'0; s)ds +
o
J (r/s)P(n0; s)P(n'0; s)ds
r
Define the functions
4-4 Fo(nO,n'O) =
D .
J JmP (n0; r)Pz(n'O; s)U (r,s)drds =
oo °
@2
J P (no0; r)(l/r)Yo(n'O,n'O; r)dr =
o
et

P4 (n'0; r) (L/T)Y_(n0,n0; r)dr
[e]

and
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4-5 G,(n0,n'0) =

JmImP(nO; r)P(n'0; r)Uo(r,s)P(nO; s)P(n'0; s)drds =
[o] o

ij(nO; r)P(n'0; r)(l/r)Yo(nO,n'O; r)dr
o

Now let

4-6 Zo(nO,n'O; r) = JrP(nO; s)P(n'0; s)ds, r> 0
o
Differentiating with respect to r, we obtain the differential equation.

4-7 d[Zo(nO,n'O; r)]/dr = P(n0; r)P(n'0; r)

Substituting Zo(nO,n'O;r) for the first integral of Yo(nO,n'O; r), we get
Yo(nO,n'O; r) =
Zo(nO,n'O; r) + Im(r/s)P(nO; s)P(n'Q; s) ds

Multiplying by r-l we get ’

r'lYo(nO,n'O; r) = r'lzo(no,n'o; r) + ja(l>P(n0; s)P(n'0; s)ds
r\s
Differentiating with respect to r, we get

-r-ZYo(nO,n'O; r) + r°lgzo(n0,n'0; r) =

dr
-r~2z (n0,n'0; r) + r'lggo(no,n'o; r) - 1P(n0; r)P(n'0; r)
° dr r

Substituting our expression for dZfn0,n'0; r), we obtain

dr
;lYo(nO,n'O; r) + ggo(no,n'o; r) =
r r

;lzo(no,n'o; r) + P(n0; r)P(n'0; r) - P(n0; r)P(n'0; r)
r

4-8 gxo(no,n'o; r) = -;[Zo(no,n'o; r) - Yo(nO,n'O; r)]
r

Now Yo(nO.n'O; r) - ZO(HO,n'O; r) = JQ(F)P(nO; s)P(n'0; s)ds
r\s
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s

4-9 ii?[Yo(nO,n'O; r) - Zo(nO,n'O; r)] = llmjm(r)P(nO; s)P(n'0; s)ds

o T
= 0 by the nature of the radial function P(n0; r).
Differentiating equation (4-8) with respect to r we get

2 1 b )
d°Y (n0,n'0; r) =112 (n0,n'0; r) - Y. (n0,n'0; r)| -
= ’ - 0 ’ 3 T) o ]

1 [ggo(no,n'o; r) - g}b(no,n'o; r)} =

r dr dr
;Z[Yo(nO,n‘O; r) - r ggo(no,n'o; r) - Yo(nO,n'O; r)] -
r dr

;[P(no; r)xn'0; r) - dy,(n0,n'0; r)]
r ) dr

Hence we have the differential equation

4-10 szo(nO,n'O; r) + 1P(n0; r)P(n'0; r) = O
drZ r

LEMMA: Let u(x) and v(x) have second derivatives and u(a) = v(a) =

u(b) = v(b) = 0. Then
fb 2 b 2
4-11 d®vdx = f d"udx.
adax & al
Proof: d (udv - ydu) = ud% + du dv - vdy - dv du
dx \ dx dx/ dxZ dx dx dxZ dx dx
b b b
d(uﬂ-&' = fudzv dx-fvdzu dx
a \dx dg) a dxl a dx
b b
[[auay - vau) = wev - ey = o.
a “dx dx/ dx dx a
b b
Thus f udzvdx = f deudx.
a dx<Z a dxZ

We have shown (where I, F, and G denote the new functions) that
4-1.2 E' = 21(10) + 2I(20) + FO(10,10) +
4F0(10,20) + FO(ZO,ZO) - 26, (10,20)

We select the radial functions P(10; r) and P(20; r) so as to
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minimize the value of E' and such that

4-13 P(10; 0) = P(20; 0) = 1lim P(10; r) = 1lim P(20; r) = O

X T~
We want to construct a function E' (elo,ezo) such that
4-14 E'(0,0) = E!
To construct this function, let
4-15 P(10; r) = P(10; r) + e10AP(10; 1) and
5(20; r) = P(20; r) + ezoAP(ZO; r), where

AP (10; 0) = AP(20; 0) = lim AP(10; r) = lim AP(20; r) = 0

-0 r—
and define the functions
4-16 I1(10,e40) = -;ri(1o- r)|aé +§§(1o; r)dr
10 2o ’ drZ Tt

Fo(10,10,6,) =

- r- —
[Fao; o a/m{] Fao; sxas « | /)0, 6)ds }dr
o (o] r

fmfwsz(lo; r)Uo(r,S)Fz(zo; r)dr
oo
GO(IO,ZO,elo’SZO) =

r
FF(lo; r)P(20; r)(l/r) f P(10; 8)P(20; s)ds +
[} [
r(r/s)F(lo; )P (20; s)ds}dr
r

Io(zo,ezo) and Fo(zo,zo,ezo) are defined in a similar fashion. The

desired function is:
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4-17 E'(eygaeyg) =
21(10,e, ) + 2L(0,¢,) +
F,(10,10,6)4) + F_(20,20,¢,0) +
Since P(10; r) and P(20; r) were chosen so as to minimize E*, both

E' (0,0) and 3E' (0,0) will be zero.
aelo aezo

We wish to carry out these partial derivatives in detail.

4-18 gl;:' (e10s629) = DL (10,¢,,) + 3F, (lo,lo,elo) +
10 3310 3610
aelo aElo
- ! =
4-19 gg (610’620)
20
@I (20,620) + aaFD (10,20,€10,€20) + ‘a—FO (20,20,620) -
3620 aezo a€20

3820

We will evaluate two of these components separately, The others

are evaluated in like manner and only the results will be stated.

1(10,310) = -_jm(P+€10AP)(10; r) Qf_ + 8} (P+e, .AP) (10; r)dr
2o dré r 10

4-20 d1 (10,e10) = -ljm(P+e10AP)(1O; r) a4 + 8 |AP(10; r)dr -
aelo 20 5;7 r
lJmAP(IO; r) gf + 8 (P+e10AP)(10; r)dr.
20 dr? b 4

I  (10,0) = -lJmP(IO; r) Qf + é}AP(lO; r)dr -
de 20 dr? rj

0
l_rLAP(IO; r){d? + 8/P(10; r)dr =
drz T

2o
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-JmaP(IO; r) dé + 8 P(10; r)dr. (by the Lemma).
o ar? ¢

r
Fo(10,10,¢,,) = J:(P+€10Ap)3(10; r)%{j (P+€10AP)2(10; s)ds +
(o]
2010, _
I?r/s)(P+€ AP)“€(10; s)ds}dr =
r 10
2 2 2
I:[P +2e, [PAP+e, [ (aP) J(IO; r) x
T
1/f{J [P2+2€10PAP+8102(AP)2J(10; s)ds +
o]
Jm(r/s)[Pz+2€10PAP*€102(AP)z](10; s)ds}dr
r

i 2o,
4-22 (10,10, ) = J:[JPAP+2e10(AP) (10; r) X

JF
~ O
Belo
[T ‘]
llr{ . P +2310PAP+510 (AP)” |(10; s)ds +
2
Jj(r/s)[? +2310PAP+€102(AP)2](10; s)ds}dr +
TTp2ece, 2ppve, ¢ »?]o; ). x
o ©10°8%7F10 A >
t 2
1/r{j [2PAP+2610(AP) J(IO; s)ds +
o]
2
jm(r/S)[ZPAP+2elo(AP) ](10; S)dS}dr
r
4-23 oF, (10,10,0) = ijPAP(IO; r)lXo(IO,lO; r)dr +
aelo o r

ij(lo; r)l{JrZPaP(IO; s)ds + Jw(r/s)ZPaP](lo; s)ds}dr =
o r o T

JQA[PZ(IO; r)];yo(lo,lo; r)dr +
[o} r
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UW»PZ(IO; r);{jr[Pz(IO; S)]ds + fw<§j[Pz(1o; s)]ds}dr =
o r o r .

o ’ . . .
J A[PZ(IO; r)]_l_Yo(IO,lo,r)dr + er(lo; r)_}_AYo(IO,lO; r)dr =
(o} r [o] r

o] 0 N .
J A[PZ(IO; r)J;XO(IO,IO; r)dr + f A[Pz(lo; r)JlXo(IO,IO; r)dr
fe) r le] r

4JQP(10; r)AP(10; r)lYo(lo,IO; r)dr.
o T
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4-24 aFO,_. (10:203010) =
aeéo
ZJ P(10; r)aP(10; r)(l/r)Yo(ZO,ZO; r)dr

(o]

4-25 9Gq (10,20,0,0) =
d€10

ZIZP(ZO; r)AP(10; r)(l/r)Yo(lo,ZO; r)dr

For the other partial derivatives replace 10 by 20 and 20 by 10.
By observing tnat each term in the integrand of the first equation
has the factor AP(l0; r), we can write aE'(0,0)/aelo
in the form

4-26 JAP(IO; r)Q(10; r)dr
o

where Q(10; r) is the sum of the remaining factors multiplied by their
corresponding coefficients. Similarly, aE'(o,o)/aezo can

be written in the form

4-27 IZP(ZO; r)Q(20; r)dr
o
By the above process we can show that at €10 = €0 = O

(o] [ea}

4-28 a[jfz(lo; r)dr]/aelo = ZIAP(IO; r)P(10; r)dr
o 0

4-29 a[f%(lo; r)F(ZO; r)er/a€10 = jZP(lO; r)P(20; r)dr
0 o

We obtain two similar expressions by evaluating derivatives with
respect to €90 2t e and €90 equal to zero.
We wish to minimize E'(elo,ezo) subject to the additional conditions

4-30 ij(nO; r)P(n'0; r)dr = §
o

nn
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We use the method of Lagrange multipliers which are denoted by
€10,10° €10,20° €20,10° and €20,20° We obtain variational equations

of the form

4-31 JZP(IO; r)Q(10; r)dr +

o
AP(10; r)P(10; r)dr
o

Kol

elo,zong(lo; r)P(20; r)dr

2

+

e10,10J

2

i
o

which may be rewritten

IZP(lO; r)[Q(lO; r) + Zelo’loP(lo; r) + zelo’zoP(ZO; r)Jdr

= 0
o
from which it follows that
4-32 . [ : : ] _
Q(0o; r) + 2 elO,lOP(lO’ r) + elO,ZOP(ZO’ r) 0
In a similar manner, we find
4-33 20; + z[ P(20; + P(10; ] =
Q( O: r) 620’20 ( ) r) 620’10 ( > r) 0

These equations (4-32 and 4-33) are the Hartree-Fock equations in
a non-standard form.

5. THE HARTREE-FOCK EQUATIONS OF NORMAL BERYLLIUM

he normal configuration of beryllium has two electrons in a ls
state and two electrons in a 2s state. Consequently there are two

Hartree-Fock equations for the two ''so-called' radial wave-functions
q s

P(10; r) and P(20; r). One notes, of course, that P(10; r) and P(20; r)

differ by a factor of r from the actual wave-functions.
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We recall that the variation of E' is

loo]
5-1 AE' = I AP(n€; r)Q(ng; r)dr
o
due to a variation AP(ng; r) of the wave-function P(ng; r).

The various contributions to Q(l0; r) are

5-2 81(10) = -Ja%/ar? + 8/rp(10; 1)
0F,(10,10) = (4/r)Y_(10,10; r)P(10; r)
OF_(10,20) = (8/r)Y, (20,20 r)P(10; r)
86 (10,20) = -(4/1)¥_(10,20; £)P(20; 1).

There is a further contribution from the Lagrange multipliers of the
form
5-3 Z{GIO,IOP(IO; r) + elO,ZOP(ZO; r)}.
The final result after applying calculus of variation techniques
to obtain the Euler-Lagrange equation for P(10; r) is
5-4 -2[d2/dr2 + 8/rJP(10; r) +
(4/r)YO(10,10; r)P(10; r) +

(8/1)Y_(£0,20; r)P(10; )

i

(4/r)Y0(10,20; r)P(20; r) +

2 P(10; r) + 2°€ P(20; r) = 0O

®10,10 10, 20

Upon factoring out -2 and rearranging some terms, we obtain the
equation
5-5 {dzldrz + 8/r - (2/r)Y (10,10; r) -
(4/1‘)Y0(20,20; r) - Glo’lo}P(lo; r) =

-(2/r)Yo(10,ZO; r)P(20; r) + ¢ P(20; r)

10,20
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which may be rearranged to give the equation
5-6 {di/dri + (2/r)[4 - Y,(10,10; ) -
ZYO(ZO,ZO; r)J - elO,lO}P(lo; r) =

—(Z/r)Yo(IO,ZO; r)P(20; r) + ¢ P(20; r)

10,20

We now choose to write the result in the form

5-7 {dz/er + (2/r)YQ0; 1) - }p(1o; r) =

10,10
X(lO; r) + elO,ZOP(ZO; r)

where the various functions are defined by

Y(r) =4 - 2Y0(10,10; r) - ZYO(AO,ZO; r)
Y(10; r) = Y(r) + Yo(10,10; T)

X(10; r) = -(2/r)Yo(10,20; r)P(20; r)

The various contributions for ng = 20 are
5-8 AL(20) = -2[d2/dr2 + 8/r]P(20; )

AF (20,20) = (4/r)Y_(20,20; r)P(20; 1)
AF (10,20) = (8/r)Y0(10,10; r)pP(20; r)
AGO(ZO,IO) = —(4/r)Y0(20,10; r)P(10; r)

The contribution from the Lagrange multipliers is
5-9 Z{eZO,IOP(lO; r) + eZO,ZOP(ZO; r)}
Altogether we have the result
5-10 -z[dz/drﬁ + 8/rJP(20; r) +
(4/r)Yo(20,20; r)P(0; r) +
(8/r)YO(1O,10; r)P(0; r) -
(4/r)Y0(20,10; r)P(10; r) +

2{520,10P(10; r) + eZO,ZOP(ZO; r)} = 0
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After suitable rearrangements, we obtain

5-11 {dz/drz + (2/T)Y(20; 1) - eZO’ZO}P(ZO; r) =
X(20; r) + 620,10P(10; r)

where
Y(r) = 4 - 2Y0(10,10; r) - zYO(zo,zo; r)
Y(20; r) = Y(r) + YO(ZO,ZO; r)

X(20; r)

-(2/7)Y_(20,10; r)P(10; 1)

In summary, we get two equations

2,. .2
5-12 d . - . =
{ /dr® + (2/r)Y(10; r) elO,lO}P(lo’ r)
X(10; r) + €10 ZOP(ZO; r)
5-13 {dz/drz + (2/r)Y(20; r) - eZO,ZO}P(ZO; r) =

X(20; ) + eZO,IOP(lo; r)
Equations (5-12) and (5-13) are the Hartree-Fock equations with

exchange.
6. EQUATIONS WITHOUT EXCHANGE

Consider the first Hartree-Fock equation in terms of Yo(no,n'O; r),

"o o }

6-1 dz + 24 - Yo(10,10; r) - ZYO(ZO,ZO; r)[ - elO 103?(10; r) =
, dr r g
-fXO(IO,ZO; r)P(20; r) + elO’ZOP(ZO; r).

If we neglect the factors Y, (n0,n'0; r), n0 4 n'0 and e ,» n0 # n'0

n0,n'0
we obtain zero on the right hand side of the equation. In the condensed

notation we can then write

) .
6-2 d” 4+ 2Y(10; 1) - )y 10\PC10; T) = o,
dr T ’ \

——
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and similarly the second Hartree-Fock equation becomes

1P(20; r) = 0.

2
6-3 { gz + 2Y(20; r) - GZO,ZOJ

L dr r
These are the Hartree-Fock equations without exchange.
We now wish to derive a differential equation relating Y(r) and

Z2(r) where

6-4 Y(r) = 4 - zyo(lo,lo; r) - 2Y _(20,20; 1) a.d

6-5 Z(r)

1l

4 - 22,(10,10; 1) - 22 (20,205 r).

We know that

6-6 g_YO(nO,nO; r) = l[YO(nO,nO; r) - ZO(nO,uO; r)J.
dr r

Now,

6-7 d Y(*) = g_[é - 2Y (10,10; r) - 2y (20,20; r)] =
dr dr © ©

~_[{YO(10,10; r) —ZO(lO,LO; r)} +
r

{Yo(zo,zo; r) - 2_(20,20; r)}J =

l[é - ZYO(IO,IO; r) - ZYO(ZO,ZO; r) -
r

{4 - €2 (10,10; r) - 220(20,20; r)}J .

Hence,
6-8 dy(z) = l[Y(r) - Z(r)J
dr X

Assume the radial functions P(n0; r) to have the following two
properties:

1. P(0; 0) = O.
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2, P(n0; r) has a Taylor series expansion.

2

Let P(10; r) = a  + alr + azr + . .
2
and P(20; r) = bo + blr + b2r P
Since P(10; 0) = P(20; 0) = 0, agp = b, = 0.
Hence
2
6-9 P(10; r) = a1r+a2r + ...
2 . 2 2
PE(10; ) = (ajr + apr” + ...)(ayr + ar + .,.) =
a 2,2 + 2 a r3 +
lr a12 R
Now,
r
6-10 z_(10,10; r) = J P2(10; s)ds =

Y 2 (e}
I (als + 2alazs3 + ...)ds =
(e}

2483
3

+ 2ala 84

N

+..., =

|

o

a3r3 +-a4r + ... =

0(r3), for small values of r.
Similarly,
6-11 Z (20,205 r) = g.ro +g 4

o 3&V, = }33 54 ceee

Now,

6-12 4 - Z(r) =122 (10,105 ) + 2Z (20,20; r)J =
r r ° ’ °
3 v
i ]&ySr + &24r4 + ...+ 253r3 + 254r4 + ...J

2@, +By) T+ 2, +BIT 4 L. =

0(r), for small values of r.
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Now,

6-13

6-14

6-15

Now,

6-16

il

Y(r) =4 - ZY (10,10; r) - ZYO(ZO 20; r)

4 - zU Pz(lo s)ds + rj P2Q0; ¢ zdsJ -

H P*(20; s)ds + rer(ZO s)dsJ -

4 - z[f (a, 252 . ...)ds + rijz(IO; s)ds] -
o (o} S

Z[Io(bl s + ,..)ds + rj Pzgzg; s)ds] =
[}

4 - z{ripz(lo; s) + P°(20; S)st}f }
oS

é(alz + blz)r3 + ... =
3

4 + vor + O(r3), for small values of r,

wiere v = -2{ }.
o

We will now derive an integral equation involving Y(6T) and Z(r).

From the equation 6-13, we see that

lum Y(r) = 4

-0

Y'(0) = lim ¥(r) -4 = -lim 4 - Y(x) .
-0 r —0 r

g_r@.%%"/ E(—ﬂr_ 4 - Y(r))l

-1 r]dY(r)+ 4 - Y(r) =

r lw dr T
. b -Z() .

re
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Integrating this equation, we get

r~6r
6-17 J 4 - Zér!dr = { - Ygr{J
r-o
,r=fr

lim &4 - Ygr!

h~o r=h

4 - Y(6r) - lim &4 - Y(h) =

5T h~o h

4 - Y(6r) + Y'(0).
X3

Our desired equation is then

6-18 -Y'(0) = 4 - Y G +J Z§r2dr .

7. STARTING THE OUTWARD INTEGRATION OF THE RADIAL WAVE FUNCTIONS

The equation
7-1 [dz/drz + (2/r)Y(10; r) - elOJP(IO; r) = 0
is to be solved subject to the conditions
7-2 P(10; 0) = O

P(10; r) -0 as r » o
7-3 PZ(IO; s)ds =1,

o

Generally speaking, we can not find solutions of equation 7-1
which satisfy conditions 7-2 and 7-3 for an arbitrary value of €10°
More precisely, the equation 7-1 has solutions satisfying these condi-

tions only for special values of €10 which are called eigenvalues. The

fact that the solution of 7-1 must be calculated numerically makes the
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eigenvalue problem particularly awkward in this instance. The solution
of equation 7-1 must be calculated with an assigned value of €10 before
we commence, but we are unable to determine elO until we finish,

We omit the label 10 and denote the function by P. We are going
to determine P numerically at an evenly spaced set of points, x, = nh

where h is a fixed positive number. We denote by P(n) the value of

P at x , that is,
n

7-4 P(n) = P(xn) = P(nh)
P(n+l) = P[(n+1)h] = lP(xn + h)
P(n-1) = P(x_ - h)

Assuming the validity of a Taylor series expansion of P, we find
that P'"(n) is approximately equal to
[ P(a+1) - 2p(m) + Pa - 1) /2,
We use this expression to replace equation 7-1 by
7-5 [ P(asl) - 2pn) + Pa-1)]/m? = eb(a) - (2/ab)Y(a)P(a).
We are able to determine two recursion relations from this equation

7-6 P(n+l) [2 +€h? - (2h/n)Y(n)]P(n) - P(n-1), and

7-7 P(n-1) [2 +eh? - (2h/n)Y(n)JP(n) - P(n+l)

Thus, if we know P(n-1), P(n), and €, we are able to calculate
P(n+l) by equation 7~6. While if we know P(n+l), P(n), and ¢ we are
able to calculate P(n-1) by equation 7-7. Consequently, we are able

to use 7-6 to calculate outward from the origin and 7-7 to calculate

inward from infinity,
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The usual result is that an inward integration and an outward
integration do not agree at some point r_ where they should meet
smoothly. This lack of match enables one to refine an initial guess
at the value of ¢.

In order to use equation 7-6, one must have starting values for

P(0) and P(1). We have the value, P(0) = 0, but we have no value of

P(1l). A standard method of starting such a solution is by means of a
Taylor series expansion about the origin. We now concern ourselves
with starting the outward solution,
Our basic assumption is that the equation 7-1,
[dz/drz + (2/t)Y(10; t) - eJP(r) =0,

has a solution of the form

m
7-8 P(r) = ar +... +a My cees

from which it follows that

7-9 P'(r) = (m-l)maorm'z + .., + (m+n-1)(m+n)anrm+n'2 + ...

m+n-1
+

(8/t)p(r) = 8a ™1 + . +gar
o n
[Zvo(lO) - eJP(r) =
I:ZVO(IO) - eJaorm + oot [Zvo(lo) - <~:]anrm+n + ...
We now rewrite equation 7-1 as
7-10 2 2 - 3
d%/dr® + (8/r) + Zvo(lo) €| +0(x7)(P(x) = 0
where we have replaced Y(10; r) by the approximation
7-11 Y(10; r) = 4 + rv_(10) + O(r3).
We substitute the power series P(r) into 7-10 and determine the

coefficients of the lower powers of r.
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COEFFICIENT (r™"2);
m(m- l)ao
The vanishing of this expression requires a, = Qorm=0orm=1,
The only acceptable condition is m = 1, Thus we see that the power series

for P(r) is of the form, a.r + ... +anrn‘"1 S

o
COEFFICIENT (r™m-1);
[m(m+1)a1 + 8ao]
The vanishing of this coefficient requires that a; = ~8a,/2 = -4a,.
COEFFICIENT (rMm).
(m+1) (m+2)a2 + 8a1 + [2v0(10) - ‘]ao
The vanishing of this coefficient requires that
6a, - 32a0 + [ZVO(IO) - o.-']ao =0,
from which it follows that
a, = (32 - [Zvo(IO) - q])ao/G.
COEFFICIENT (r™*1).
(m +2) (m +3)ay +8a, +[2v,(10) - ela;
The vanishing of this coefficient requires that
123, + 8a2 + [Zvo(IO) - e]a1 =0
from which it follows that
a, = 2(2[2vo(10) -e]- 16)a°/9.
Thus we determine a power series expansion of P(10; r) of the form
2 .
7-12 P(10; 1) = aor(l - 4r + (32 - [Zvo(lo) -eDr /6 +

2(22v (10) - €] - 16079 + (%) ).
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The power series expansion of P(20; r) differs only in the replacement
of the expression [Zvo(lo) - ¢] by the expression [2v0(20) -¢]. We
note that these terms, in each instance, arise from one of the power series
7-13 Y(10; 1) =4 + v (10)r + 0(r°)

7-14 Y(20; 1) =4 +v_(20)r + 0(r%).

Thus vo(lo) and vo(ZO) are the values of the derivatives of these functions
at the origin. These derivatives can be determined from the numerical values
of Y(10; r) and Y(20; r) which are calculated from the values of these functions
determined numerically. W~Ne have three equations
7-15 dYo/dr = (1/r) [Yo(lo, 10; ) - Zo(10, 10; r) ]

7-16 dY /dr = (1/7) [Y (20, 20; 1) - z (20, 20; 1) ]
7-17 dY/dr = (1/r) [¥(r) - 2(r) 1.

We use the general formula (Hildebrand, page 82)
7-18 v (nt) = [-3¥(n4; 0) + 4Y(ne; 61) - Y(ne; 261) 1/(261)
to determine v(10) and v_(20).

Hartree recommends that equations 7-15, 7-16, and 7-17 be integrated
separately, numerically of course; then Y(10; r) and Y(20; r) are determined
from these by the relations
7-19 Y(10; r) = ¥(r) +Yo(10,10; r), and

7-20 Y(20; r) =Y(r) +Y0(20,20; ).



Hartree-Fock ' page 46

8. STARTING THE INWARD INTEGRATION OF THE RADIAL WAVE FUNCTIONS

To start the inward integration suppose that R is sufficiently large so that
the contribution for r > R is small enough to be disregarded. Then we may
start the inward integration arr =R, We write the equation as
8-1 P" = F(r)P
where F(r) is certainly positive in the neighborhood of r = R. If F(r) is
varying slowly, an approximate solution of this equation is

8-2 pr rpi/2

4|:Aexp(+ dr) + Bexp(-j'F 1/zdr) ]
and we require the solution that increases, roughly exponentially, asr
decreases. The values at three equally spaced values of r will be approxi-
mately in geometrical progression.

Suppose for the moment that they are in exact geometrical progression
and let
8-3 P(R + 61) =A/(1+X).
8-4 P(R) =A, and
8-5 P(R - 6r) =A(1+x).
Then

8-6 (5P)+ = (—1L

-A
and

8-7 (GP)_ =A - A(l+x),
so that

8-8 82p(R) =

-A-(A ~A(1+ = - 2A +A(1l4x) =
(i) ( (14x)) A/(l-l-x)

i-\-—ZA--2Ax+1>‘+215.x+1\x2

1+x
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sz

(14x)

2
8-9 6§ P(R) =

But since P(R) = A, we have
8~10 P"(R) = F(R)P(R) = AF(R).

We have already made the assumption that P has a power series expansion,

so that
2 3
8-11 P(n+l) = P(n) + P'(n)sr + -(Z%Q-P"(n) + -(:—")-p"-(n) +0(6rh)
and
(dSr)z (5r)3 4
8-12 P(n~-1) = P(n) - P'(n)sr + CTH P"(n) - -—3-|--P‘“(n) + 0(6r).
Hence

8-13 P(n+l) + P(n-1) = 2P(n) + P"(n) (6r)? + 0(sr?),
or
8-14 P(n+l) - 2P(n) + P(n-1) = P"(n) (s1)2 + O(5r2).
But
8-15 82P(n) = (P(n+1) - P(n)) - (P(n) - P(n-1) ) =

P(n+1) - 2P(n) + P(n-1),
which implies that
8-16 52P(R) = P"(R) (61)% + 0(sr) = AF(R) (s0)% + 0(sr).
Neglecting the 0(5r4) term in 8-16 and substituting the value of GZP(R)
given by equation 8-16 into equation 8~9 we get

2

8-17 AF(R) (51)% = -(A-;‘-;()

or

8-18 x> = (l4x) F(R) (51)%.
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Obviously, this equation 8-18 is quadratic in x and therefore has a
formal, elementary solution by the quadratic formula. However it is
often more convenient to find the proper value of x by the use of the iterative
formula:
8-19 x, | = [(Le)FR) (602112,
Since x is to have a small value it is often convenient to start the
iteration process of equation 8-19 by Xo = 0. If this iteration process
does not "settle down" to some reasonable value for x, it is assumed that
the increments Ar are too large. The increments are decreased and the iteration
process is repeated, until a satisfactory convergence is obtained.

Once x has been determined and a value for A has heen selected,

it is a matter of arithmetic to evaluate the starting walues,

.
(1+x) *
8-4 P(R) = A, and

8-3 P(R+sr) =

8-5 P(R-8r) = A(1+x).
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9. PREDICTION OF THE NEW EIGENVALUES

In general, the outward and inward integrations will not be in agree-
ment when first performed. Consequently, we must vary the parameter ¢

for a closer matching.

Consider
2
9-1 [dz L 2@ ]r = o.
dr r
Then

2
9-2 [ dz y 20 -(€+A€)](P+AP) = 0
T dr r

or

¢ ave & o2 _
9-3 [drz .= G]P+[dr2 - = c]ap

PAe - 2eAP = 0,

By observing that the first term is equal to zero and neglecting the
last term, we have

2
d 2Y(r)
9-4 [...._z_ N

dr r

- e]AP = PAe.

Multiplying this equation by P and the original one by -AP and adding the

two results we have

2
d 2Y() 2
9-5 P[g;z— + —:—— - €]AP = P Ae
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2 2

d“AP P _ 2
9-7 P———Z—--AP-'—-Z—— PAE.

dr dr

Observe that

2
9-8 d <P-d—-AP-APdP - szAP+dP daP _ dap dP‘_
dr dr dr dr dr dr dr dr
AP dzP - p dZAP - AP dZP
dr dr dr
and that
dp dP
9.9 iAP = ...d_. (PZ-P]_) = 2 - 1 = A .d_P = AP',
dr dr dr dr dr

Now, ‘we have

b b,
j d( PAP' - P'AP) = J P“Aedr.
a a

b b,
9-10 (PaP' - P'AP)| = AEI P dr.
a a

For the outward integration,

9-11 P(0) = AP(0) = O,

r
- ' - ' 1 ’ o 2
9-12 (PAP' - P'AP) AeJo P dr.

For the inward integration,

9-13 lim P(r) = lim AP(r) = O.

) o



Hartree-Fock page Sl
9-14 -(PAP' - P'AP) = Ae€ f” P2 dr
in r in” *
o
Now,
] [ [ ]
9-15 4 <_13_ ) - PAP -ZP AP .
P 7 P
Hence,
P! Ae ro 2
{ 9-16 A< " > = -1;—2—-—(;—)— I Poutdf, and
| out out' o °
p' Ae ® 2
9-17 & ) = j P, dr.
P “in P, (r)"r
in" o o

The criterion for

..P_')

9-18

matching the two integrations is

= —P-> at r=ro.
P " out P

in

If the above relation does not hold then we seek an increment of ¢ such that

19 <.-I!::-I:-:>OU

+A—-—>

(——) + A(—%-)m str=r_.

Substituting the above expressions we get

] r ' «
9-20 i) b j°-1>2 dr = f-) SR [ P dr
P “out P2 (r) 0 out P “in P (r) °F in
out o in o
[>]
1 Sy _
{"’z'—" J wd * 7 | P ar} be =
(r) P (r) “r
out o in" o o

-5

P “out

()]
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P (r)
Define PA out , I <r

(r) - e

Pout o]
P. (r)

A-——-IB———, r> ro,
Pin(ro)

9-22 PN(r) =

where A is a number such that

©

9-23 J Pf\](r)dr =1,
o

Observe that PN(ro) = A,

Now,
9-24 J°< Fout” ) dr + J'(Pi“(r) )2 dr = —— Jp () dr =
° out o o Pin(ro) 2
1 _ 1
A2 P?\T(r )
Hence,
e ARIE) )

Once Ac¢ is calculated it is added to the old value ¢ to obtain a new

value, e+Ae¢, to be used as the next trial.
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10. PROGRAM WRITEUP

It is intended that this section will enable the reader to actually
run the program listed in the last appendix. The appendix just mentioned
contains both a listing of the complete deck of IBM cards (program, monitor
control, and two sets of data) and the output obtained with this deck.
Section 11 of this report contains a flow diagram of the major steps in the
solution of the problem at hand.

Detailed procedures are, of course, omitted from the flow diagram in
order to restrict its length and to convey the logic of the overall program
more clearly. Beside each box in the flow diagram is a reference number.
These numbers are listed below, followed by more detailed descriptions
of the procedures used to accomplish the corresponding steps and/or lists
of the numbers (punched in columns 73 through 80) of the program cards,
which actually carry out these steps.

Following the references to the flow diagram, we have listed the
computed constants used in the program. wWe have next listed all the arrays
used in the program, with a description of the dimensionality requirements
and use of each.

The system of numbering the program cards needs some explanation.
First of all the program consists of the main program and the eight subroutine
subprograms SETUP, NeRM, CALY, C6EE, INTEG, STOSRE, ERRSR, and RESULT.

All cards of the main program have AS (for Atomic Structure) punched in columns
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79 and 80, preceded by sequencing numbers. Similarly, each subroutine
subprogram has the first two letters of its name punched in columns 79 and
80, preceded by sequencing numbers. The only exception to this rule is
in the case of the cards making up the dimension and common. statements.
These cards appear in identical form in both the main program and each of
the subroutines and, hence, have AS in columns 79 and 80 in every instance,

The experienced reader will recognize the monitor control cards by the
asterisk (*) punched in column 1. The only monitor control card omitted
is the monitor ID card which must be included as the first card of the deck.
Otherwise the deck is ready to be run, as it is listed in the appendix., On
the IBM 709 (with the monitor system) the control card CARDS COLUMN
causes the program or subprogram following that card to be punched out
in binary card form once it has been compiled. As the deck appears in
the listing, all the subroutine subprograms would be punched into binary
card form. The program would then be executed, due to the monitor control
card XEQ at the beginning of the program. If a compiled binary deck of the
main program is also desired the XEQ card should be followed by a monitor
control card CARDS COLUMN. The data cards must always be preceded by
the monitor control card DATA, as in the listing.

Each complete set of data consists of the following cards (there are
two complete sets in the listing):

(1) one card containing all those variables listed below under

“(1) Input" (format is card 95AS).
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(2) NGR (number of n{-groups in the atom being considered) groups

of cards, with each group consisting of the following cards:

(a) One card containing the sequence number of the n{-group
about to be "setup". This number is used only as a check
to help insure that the deck has been stacked properly.
This number (called NCODE in the program) must appear
in columns 1 and 2 (format is card 15SE) of the card. All
the cards listed under (b) and (c) below should have these
columns blank (indicated by 2X in their format statements).

(b) One card containing all those variables listed below under
“(2) Input" (format is card 35SE) for that nt-group being
"setup" (i.e. for ns-group N=NCODE).

(c) The number of cards necessary to contain the table of r's
for the nt-group being "setup" (i.e. for nt-group N=NCODE),
with four r's per card (format is card S0SE). The number of
these cards necessary for n?-group N=NCODE can be easily
calculated by taking the integral part of number (IRMAX(N) +
3)/4.
NOTICE that the data cards listed in the appendix have eight
words (i.e. numbers) per card instead of four. The even
numbered words (i.e. second, fourth, sixth, and eighth) on
these cards are corresponding values of the P functions, which

we used as initial "guesses", when using another SETUP
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subroutine which read. in the P's instead of calculating
them (see (3) below). With the SETUP subroutine listed
in the appendix these P's are completely ignored (see

the 8X's in the format).

We now proceed to the explanation of the flow diagram.

(1) Input:
NAME1

NAME?2
NGR

IDIM
ALPHA
ZTEST

TNeRM

TD2P

XTEST

PTEST

(Cards 90AS-~95A8S)

First 6 letters of alphabetic name of atom under consideration
Second 6 letters of alphabetic name of atom under consideration
Number of occupied nt-groups

Maximum length of tables as they are dimensioned in the
dimension statement
Scaling constant for Aout's

Test factor for agreement of old and new Z(r)'s

Test factor in comparing r, Pzdr with 1.0 to determine if
normalization is necessaryO

Test factor multiplying the absolute value of the second
derivative (D2P) to be used as the agreement test between
the second derivative (D2P) and second difference (DEL2P)
in initialization of outward integration for P's

Test factor for convergence of iteration determining x for
initializing inward integration of P's

Test factor for matching P's from inward and outward

integrations
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(2) Input: (Cards 160AS--170AS and 30SE--35SE)

IRMAX(N) Index indicating the position number in table of R's which is
to be considered as infinity for ni-group N (i.e. index of
Rmax(N))

IRO(N) Index indicating the position number in tables at which in-
ward and outward integrations for P's for nt~group N are to

be checked for match (i.e. index Ry(N))

E(N) Initial "guess" for €ne for nt~group N
Q(N) Number of electrons in nt¢-group N (i.e. q(nz))
AIN(N) Value of A;, to be used to initialize inward integration of

P's for ni{~group N

(3) Input: (Cards 160AS-~170AS and 40SE~-100SE)

R(N;I) (I=1,2,. . .,IRMAX(N)) Table of r's for ng-group N

In the example calculation, the initial P's are calculated from equations
for hydrogen-like atoms:

16re"‘lr

(8/2) r (1/2 ~ r)e"zr

P(10; r)

and P(20; r)

(see Eyring, Walter, and Kimball's Quantum Chemistry, Chap. VI). If one

wishes to read in the initial starting values of the P's, instead of calculating
them, then he has but to replace cards 40SE--100SE with the appropriate cards

to do so and recompile subroutine SETUP,
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(4) Initialize old Z(r) positions to zero to make Z(r)'s fail the match text

(see (9) of flow diagram) the first time through (Part of card 130AS)

REMARK: Entry point A on flow diagram is at statement number 70 in pro-

gram (card 295AS).

(5) Normalize P(n4: 1) for ns-group N: Calculates P2(n; r) for nf-group N,

@ {o0]
Calculates Pz(nx,_; r)dr for ns-group N. Compares [0 Pz(ni,; r)dr with 1.0 with
T3
criterion TNGRM (see (1) of flow diagram) to see if normalized. If not normal,
then normalizes P(n4; r) by
/” @ 1/2
P(nt; 1) or = Pngix) / UO P2(nt; r)dr:l
and recalculates PZ(nL; r) nor and normalizes integral by

l‘w Pz(n{,; ry dr =
r]. nor

(Jf Pz(n/c; r)dr:\ /'H": P2(ns; r)dr’l =
Ly /o |

(1.0 - Zo(n&. n; rI))
(Cards 320AS and 10N© -- 85N© and also uses 931AS-~935AS)

(6) Determine Aou t(N) to be used to initialize outward integration of P(nz; r)

for ng~group N, by setting
AN = ALPHA/(Mz;x | P(nt; r ),
J

] norl
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where ALPHA is a constant (see (1)) (Cards 320AS and 90NS--120NS)
(7) Calculate Zo(ni . n?; r) for ns-group N by equation

[oe]
. = - 2 .
Zo(nx, nt; rI) 1 “[r] P¢(n4; 1) nordr

(Cards 325AS8--335A8)

(8) Calculate Znew(r) by the equation

N
—
-
—r
i

4 - 2Z (10, 10; r) - 2Z (20, 20; r)
o o)

or, in general,

N

——

<
]

TSTN = ¥ Q(N)Z (N, N; r)
N o
(Cards 301AS and 335AS)

(9) Match test on Z(r)'s to see if the old and the new Z(r)'s agree throughout

the range of r's to within an amount equal to ZTEST (see (1)) (Cards 359AS8-~

365A8)

(10) Output results: The program prints out title on page, lists the input

parameters used in the calculations, gives number of iterations on P's and
on ¢'s carried out, gives final values of the ¢'s, and gives, in table form
(with headings and iteration numbers included), the successive values of
the functions P(ni; 1), Zo(n{,,n£; r, Yo(nt,nﬁ; r), and Y(n4; r), for each nt-

group, followed by Y(r} and Z(r). (Cards 89AS, 171AS--179AS, 370AS--384AS,
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58t~-~75St, and 5RE~440RE. Also depends upon 75AS--87AS, 145AS, 150AS,

340AS, 345AS, 350AS, 420AS, 440AS, and 941A5)

(11) Put new Z(r) in the old Z(r) positions (Cards 390AS~-395AS)

(12) CalculateY (nz, n{; r) for ns-group N by setting Yo(nL( ni; r) lr‘ =0
o -l

and integrating inward by means of the equation
Y (ne, ng; r - 6r =
o)
[I—'-&'— ] Y (nt, ne;r) + [—QL] Z_(n+, ny; r-6r1).
T fo) r o

A three-point interpolation scheme is used to cross points in the table where
interval length changes.

(Cards 400AS, 415AS, and 5CA--35CA)

(13) Calculate Y(r) by setting Y(r) 'r=co = 0 and integrating inward by means

of the equation

Y(r-6r) = [%Q]Y(r) + [%r—] Z(r-8r).

(Note: actually by proper assignment of storage this was included in the
same "loop" as used to calculate Yo's) Then the Y(r) are multiplied by a
constant so that Y(0) = TOTN (see (1) ). (Cards 400AS, 415AS, 5CA--35CA,

and 417AS--419AS)



Hartree-Fock page 61
(14) Calculate Y(n¢; r) for ni~group N by the equation
Y(nt; r) = Yo(nx;, ng; )+ Y(r).
(Cards 405AS and 425AS--440AS)
(15) Calculate vo(n!,) for nt~group N by the equation
vo(ng) = [-3Y(nt; 0) + 4¥(ng; 6r) - Y(ni; 261)1/(26r)
(Hildebrand, page 82) (Cards 445AS--450AS)

REMARK: Entry point D on flow diagram is at statement number 120 in program

(Card 460AS).

(16) Calculate coefficients of Taylor series for P(n¢; r) for n{-group N,

to be used to initialize outward integration of P(n1; r) (Cards 470AS and

5CO--35C8)
(17) (Part of cards 475AS-~477AS)
(18) (Cards 565AS--575AS)

(19) Test initialization for outward integration for P(n4; r) by evaluating

the second derivative at r = §r, by the equation

2 L
d P g 3 —] - - .
32 (i 8r) = (e, - 2¥(nL; 61)/81) P (n4; 6r),
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and comparing it with the second difference (central), with agreement

criterion of
TD2P|d%(P(n¢; 5r) )/dr2|
(Cards 50AS and 580AS--590AS)
(20) (Card 610AS)

(21) Interpolate for Y(n#; 8r) using a three-point interpolation scheme

(Card 50AS and part of 580AS)

(22) Interpolate for Y(n4; r) out to standard interval, using same scheme
as in (21)

(Cards 50AS-and 635AS--650AS)

(23) Imtegrateout to standard interval for P(nt; r) using equation 7-6
(see body of report)

(Cards 655AS, 15IN, and 340IN--360IN)

(24) Integrate for P(ng; 1), fromr=0tor= Ro(rm) , using equation 7-6

(see body of report) and a three-point interpolation scheme to cross points

in the table where interval length changes

(Cards 685AS, 10IN--15IN, and 20IN-~-160IN)
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(25) Initializes inward integration of P(n4: r) by calculating the value

of x (see section 8 of report) and setting

P(ng; Rpax(nt) ) = A, (ne)/(1 + x),
P(ns; Rmax(n&),ﬁ- or) = Ain(nfc),
and P(ni; Rmax(m‘) - 2§r) = Am(nl,) (1 +x%).

(Cards 695AS~-795A8)

(26) Integrate for P(ns; r), from Rmax(m,) to Ro(n{.), using equation 7-7
{see body of report) and a three-point interpolation scheme to cross points
in the table where interval length changes (then sets P(n4; Rmax(n&) ) =0)

(Cards 800AS, 10IN--15IN, and 165IN--335IN)

(27) Match test on P(ni; r), from inward and outward integrations, at

r= Ro(m’) for ng-group N. The values of (P'/ P)in . and (P'/P)

=Ro out I r=Rq

are compared, with agreement criterion PTEST. (Cards 55AS and 810AS--930AS)

(28) Calculate new ¢'s by method discussed in section 9 of report, Note

[oo]

that the arrays where Pz(nx;; r) and the integralserZ(n&; s)ds are stored

are not in use during this portion of the program. Therefore, they have been
used to evaluate PN(nL; r), P;(n{,; r), and I: PZN(nL; r)dr, which are used

in making new approximation for GnL'

(Cards 937AS--1025AS)
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Computed Constants

MAXR = Max(IRMAX(N) ) (MAXR < IDIM)
N
TOTN = N (i.e. the total number of electrons in the system)
SQN = N? (ie. = (TOTN)?)
Dimension Requirements and Usage of Arrays

AGP(I) (1 4 35) AuGmented P array, used in integrating out to
standard interval for P's, when refinement is necessary
in initializing outward integration of P's.

AGR(I) (1 E 35) ~AuGmented R array, used in above procedure.

AGY(I) (I > 35) AuGmented Y array, used in above procedure to
store interpolated values of Y(n¢; r).

AIN(I) (1 > NGR) for Ain's used to initialize inward integration of
P's (see Input).

AQUT(I) (1 > NGR) for A out's used to initialize the outward integration
of P's.

c(i,n (I > NGR; ] > 4) for Taylor series coefficients used in
initializing outward integration of P's for n{~group I.

E(I) (I 2 NGR) for €ns for nt~group I.

IRMAX(I) (1 2 NGR) defined under Input,
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IRO(D) (1

1Y,

NGR) defined under Input.

ITER(I) (1

v

10) for ITERation number, used in outputing results.

euT(L,)) (I

itv

10; MAXR < J = IDIM) used in building tables in outputing
results.

P(1,].K) (T

13Y

NGR; J > 3; K = IDIM)

P(1,1,K) (K

1,2, ..., IRMAX(I) ) for P(n¢; ry)
for nt-group I

P(,2,K) (K =1,2, ..., RMAX(D) ) for P2(n; rp)
for ng~group I

P(1,3,K) (K =1,2, ..., IRMAX(I) ) for

[ Pz(n!,; r)dr for ns-group I

K

PIN(I) (1 2 NGR) for (P'/P)mlr:Ro(I) for n4-group I
POUT(I) (I > NGR) for (P'/P)out|r=Ro(1) for ng-group I
PRO(I) (1 ; NGR) for Pin atr = RO(I) for n¢-group 1
Q(I) (1 2 NGR) for q(nt) for nt~-group I (see Input)
R(I,]) (1 % NGR; MAXR é ] = IDIM)

R(I,]) Gg=1,2, ..., IRMAX(I) ) for rI for n¢-group I
VO(I) (I > NGR) for vo(n1) for ng-group I
Y(1,7) (1 ; NGR + 1; MAXR é] = IDIM)

Y(1,)) (I=1,..., NGR;J=1, ..., MAXR)

for Yo(n)(,,nx,; rI) for n{-group I
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Y(1,D) (I=NGR +17J7=1, ..., MAXR) for Y(rI)
YT(1,7) (I > NGR; MAXR < J = IDIM)
YT(I,]) 0=1, 2, ..., MAXR) for Y(n4; rI) for ne-group I
Z(1,1) (1 ; NGR + 2; MAXR é J = IDIM)
Z(1,)) (I=1, ..., NGR; T =1, ..., MAXR)
for Z_(n¢, n4; rI) for nt-group I
Z(1,]) (I =NGR +1; T=1, ..., MAXR)
for Zold(rl) for ny~group I
Z(1,]) (I =NGR +2;J=1, ..., MAXR)

for 2 (r.) for nt~group I
new J
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11. FLOW DIAGRAMS

(1)

START

INPUT: NAME1, NAME2
NGR, IDIM, ALPHA,
ZTEST, TNORM, TD2P,
XTEST, PTEST

!

N=1

(2)

(3)

g

INPUT: Rmax(N) '

R(N), E(N), Q(N),

Ain(N)

|

INPUT: r, P(N; r)

(5)
(6)
(7)

N=N+1

Normalize P(N; r)

Determine Agyt(N)

Calculate Z(N,N; r)

page 67
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(8)

Calculate Z__ (r)

match?

Zo1d{r) = Zpew(r)

.
ﬁ

Calculate Y,(N, N;r) '

O

Calculate Y (r)

l

N =

_;;

—
(11)
—
N = N+ (12)
L .
(13)
|

N = N+1 (14)

Calculate Y (N;r)

page 68

(10)

Results

OUTPUT:

( START

)
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N=1
S

N=N+1 (15) Calculate vO(N)

N =
—
(16) Calculate coefficients

of Taylor series for

(17)

page 69
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(18)

Calculate P(N; 6r)
and P(N; 26r)

(20)

(21)

K=K+1

page 70

6r = 6r/2

'

Interpolate for
Y(N; 6r)

|

[ ]
( ERROR EXIT)
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N=N+1

(22)

(23)

—— OO

Interpolate for

Y(N; r)

'

page 71

Integrate out to
standard interval

for P(N; r)

(24)

Integrate

P(N; r)

for

_ from 0 to R_(N)

N=N+1
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N =

{

’
(25)
[
of P(N; r)
N=N+1
[ (26)

,!

Initialize for

inward integration

|

Integrate for
P(N; 1)

from Ry ax(N) to R5(N)

N=N+1

page 72
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(28) Calculate new

N=N+1

E(N

)
— (D—()
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APPENDIX I
PHYSICAL INTERPRETATION OF YK AND ZK
Ne recall that with the proper choice of units the potential of a

point charge of q units is q/r at a point r units from the charge q. Alsd

the electric field intensity at r is given by F = -dV/dr = q/r2 . The sign .

of the charge q determine the necessary sign adjustments. These basic
facts may be used to determine the field F and the potential V of more
complicated charge distributions.

We consider a thin (= 0 thickness) sphere of radius a which bear
a charge of p units per unit of surface area. Let P and P' denote two

points, the first of which is exterior and the second of which is interior

S

to the sphere. Denote the radii of P and P' by r and r', respectively. We

summarize the pertinent facts for this situation.
The charge on the sphere is
Q = 4ﬂazp '
The field at the point P is
F = 4¢ra2p/r2
The potential at the point P is
V = 4wazp/r
The field at P' is

F''=20

(1)

(2)

(3)

(4)
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The potential at the point P' is (5)
2
V! = 4ma p/a = 4'7Tap
4//‘
P, P,V

f P', F', V
\

The above diagram is a rough sketch of the situation.
WNe wish to apply these considerations to a discussion of the
terms which appear in the Hartree-Fock equations. Our first observation
is that for a thin sphere of radius a and thickness ds, the quantity
PZ(IO; a) ds/4~ can be considered as playing the role of the charge density
function p. Consequently, 4~y corresponds to Pz(lO; a)ds for a 1s elec-

tron associated with P(10; a).
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We now recall that the wave function (10, 0q) is given by
&, P(10:r)
2/7 r

The probability that a (10, 0n) electron be observed in a thin sphere

of radius a and thickness A a about the origin is given by

atpha 21 o

L] o iil%élgiigﬁdedmds )
a 0 ‘0

4q )

a+pra 2 2
P(10; a)ds ¥ P7(10; a)ra

“a
Under many observations, this probability acts like a real charge so
that it creates an average potential and field just as though there existed
a real charge equal to the probability. We see that the average charge
U(s) per unit radius is given by P2(10; s) for the one electron described
by P(10; s). The usual charge density p(s) for such a symmetrically

2
distributed charge is given by p(s) = U(s)/4qs or

4wszp(s) = U(s) = Pz(lo; s)

Thus we are able to discuss the average field and potential of this electron.
We have the contribution due to a thin sphere of radius a and thickness ds
to be

The charge on the sphere is (1)

Q =P(10; s)ds



»
F

" Hartree-Fock

page A-4

The field at the point P is
F = P? (10; s)ds/r2 (29
The potential at the point P is
V = P2 (10; s)ds/r (31)
The field at the point P* is (4"
F' =0
The potential at the point P' is (5%
V' = P2 (10;s)ds/s

We use the‘se results to calculate the field at a point P with radial

coordinate r due to all such shells

V = P2 (10; s)ds/r
F = P2 (10; s)ds/r2
V' = p2 (10; s')ds/s"

F' =0
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We find
r 2 © 2
Potential = j P7(10; s)ds/r + J P7(10; s)ds/s
o r
= Yo(10,10; r)/r
r 2 2 2
Field = j P7(10; s)ds/t° = z,(10,10; r)/r
‘o

Thus we see that the functions YO(IO, 10; r) and ZO(IO, 10; r) determine
the average potential and the average field at r due to a single electron in
the 1s shell. In a similar manner, the functions YO(ZO,ZO: r) and ZO(ZO,ZO; r)
determine the potential at r due to a single electron in the 2s shell.

We now see that if the function Y(r) is defined by

Y(r) = 4 - 2y (10,10; r) - 2Y_(20,20; r)
then Y(r) is the average potential at P due to the nuclear charge and the

r
average charge distribution of both 1s and both 2s electrons. wWhile if

Y(10; r) Y(r) + Yo(10,10; r) and

Y(20; r) Y(r) + YO(ZO,ZO; r)
then Y(10; r)/r and Y(20; r)/r are the average potentials seen by a ls and a

2s electron respectively.
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